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ABSTRACT 
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measured image intensity provided by an ideal, noisefree 
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cantly beyond the Rayleigh limit. 
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I .  I n t r o d u c t i o n :  

The achievement  of " d i f f r a c t i o n - l i m i t e d "  t e l e s c o p e  
per formance  i s  a n  e x c i t i n g  p o s s i b i l i t y  f o r  s p a c e  astronomy 
and i s  one of  i t s  pr imary  j u s t i f i c a t i o n s .  The a n g u l a r  r e s o l u -  
t i o n  of  a s p a c e  t e l e s c o p e  i s  commonly s t a t ed  t o  be  a b o u t  A/D 
where X i s  t h e  wavelength  of  l i g h t  and D i s  t h e  t e l e s c o p e  
a p e r t u r e .  However, t h e  t h e o r y  o f  l i n e a r  f i l t e r s  i n  e l e c t r i c a l  
e n g i n e e r i n g  has shown t h a t  i n  p r i n c i p l e  i t  i s  p o s s i b l e  t o  
a c h i e v e  a n  e f f e c t i v e  a n g u l a r  r e s o l u t i o n  much f i n e r  t h a n  X/D. 
Knowing t h e  o p t i c a l  c h a r a c t e r i s t i c s  of  a t e l e s c o p e  and c e r t a i n  
g e n e r a l  a p r i o r i  i n f o r m a t i o n  abou t  a n  a s t r o n o m i c a l  o b j e c t ,  
w e  can  r e c r e a t e  eve ry  d e t a i l  of t h e  o r i g i n a l  o b j e c t  i n  t h e  

absence  of  no i se . " )  
s o  t h e  t h e o r y  of  o b j e c t  r e c o n s t r u c t i o n  c a n  o n l y  be  used  i n  
p r a c t i c e  t o  a l i m i t e d  e x t e n t .  N e v e r t h e l e s s ,  i f  w e  c o u l d  o n l y  
doub le  t h e  r e s o l u t i o n  of a space  t e l e s c o p e  - e . g . ,  a c h i e v e  t h e  
r e s o , l u t i o n  per formance  o f  a two meter t e l e s c o p e  w i t h  a one 
meter t e l e s c o p e ,  t h e  i m p l i c a t i o n s  f o r  t h e  s p a c e  program would 
be g rea t .  These f a c t s  j u s t i f y  t h i s  s h o r t  s t u d y ,  even  though 
w e  w i l l  f i n d  t h a t  for any a c t u a l  t e l e s c o p e  o n l y  a small 
r e s o l u t i o n  i n c r e a s e  can  be  achieved  by a r t i f i c i a l l y  enhancing  
t h e  images i t  y i e l d s .  

O f  c o u r s e  no a c t u a l  sys t em i s  n o i s e - f r e e ,  

The p r e s e n t  pape r  d i s c u s s e s  two p a r t i c u l a r  schemes 
f o r  enhancing  t h e  r e s o l u t i o n  o f  s p a c e  t e l e s c o p e s .  
s e c t i o n  w i l l  d i s c u s s  t h e  p rocedures  which t h e o r e t i c a l l y  c a n  be  
used  t o  enhance t h e  r e s o l u t i o n  of  a n  o p t i c a l  image. We t h e n  
t rea t  t h e  e f f e c t s  of n o i s e  on t h e  a b i l i t y  to i n c r e a s e  r e s o l u -  
t i o n .  A d i s c u s s i o n  of t h e  s i g n i f i c a n c e  of  t hese  r e s u l t s  
f o r  t h e  k i n d s  of o b s e r v a t i o n  of' most i n t e r e s t  t o  space  a s tmnomy 
i s  g i v e n  i n  S e c t i o n  I V ,  and the  reader who i s  n o t  i n t e r e s t e d  
i n  t h e  d e t a i l s  of t h e  t h e o r y  may s k i p  t o  t h a t  s e c t i o n  now. 

The f o l l o w i n g  

I 

11. The Concept of  Objec t  R e s t o r a t i o n :  

T h i s  s e c t i o n  d i s c u s s e s  i n  a g e n e r a l  way t h e  c o n c e p t s  
i n v o l v e d  i n  t h e  t h e o r y  Of r e c o n s t r u c t i n g  a h i g h  r e s o l u t i o n  
o b j e c t  from a low r e s o l u t i o n  image. 
l e s s  t u t o r i a l  and c o n s i d e r s  t he  q u a n t i t a t i v e  i m p l i c a t i o n s  o f  
t h i s  t h e o r y  f o r  r e a l  t e l e s c o p e s .  

The f o l l o w i n g  s e c t i o n  i s  
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I n  t h e  f o l l o w i n g  a n a l y s i s  w e  w i l l  f o r  
s i m p l i c i t y  r e s t r i c t  o u r s e l v e s  t o  one-d imens iona l  images 
and  o b j e c t s .  The r e s u l t s  are e a s i l y  ex tended  t o  a c t u a l  two- 
d i m e n s i o n a l  o b j e c t s  because  t h e  two d imens ions  are  imaged 
i n d e p e n d e n t l y  s i n c e  t h e  t h e o r y  i s  l i n e a r .  The t e l e s c o p e s  used  
w i l l  have s q u a r e  a p e r t u r e s ,  which g i v e s  r e s u l t s  d i f f e r i n g  only 
s l i g h t l y  from t h o s e  f o r  a round a p e r t u r e .  These a s sumpt ions  
s i m p l i f y  t h e  a n a l y s i s  s i g n i f i c a n t l y ,  b u t  t h e  r e s u l t s  are  s t i l l  
a p p l i c a b l e  t o  r ea l  t e l e s c o p e s .  

The o b j e c t  i n t e n s i t y  i n  t h e  o b j e c t  p l a n e  i s  d e n o t e d  
by s ( x ) ,  and t h e  image i n t e n s i t y  ( i n  t h e  a b s e n c e  of  n o i s e )  i s  
r ( x ) .  U n i t s  i n  t h e  o b j e c t  and image p l a n e s  are  s o  chosen  t h a t  
t h e  same c o o r d i n a t e ,  x ,  d e s c r i b e s  c o r r e s p o n d i n g  p o i n t s  i n  t h e  
two p l a n e s .  The e f f e c t  o f  a t e l e s c o p e  i s  t o  s p r e a d  a p o i n t  
s o u r c e  of  l i g h t  i n  t h e  o b j e c t  p l a n e  i n t o  a r e g i o n  i n  t h e  image 
p l a n e .  T h a t  i s ,  i f  s ( x )  = 6(x -u ) ,  t h e n  r ( x )  = h ( x - u ) ,  where 
6 ( x )  i s  t h e  D i r a c  d e l t a  f u n c t i o n  ( u n i t  impu l se  f u n c t i o n  a t  
x = u )  and h ( x )  i s  t h e  p o i n t  s p r e a d  f u n c t i o n  o f  t h e  t e l e s c o p e  
and d e s c r i b e s  d i f f r a c t i o n  e f f e c t s  a r i s i n g  from t h e  f i n i t e  
wavelength  o f  l i g h t .  
mined from 

The image of a g e n e r a l  o b j e c t  i s  deter-  

r ( x )  = j d u  h ( x - u ) s ( u )  

-00 

S i n c e  t h i s  i s  a c o n v o l u t i o n ,  t h e  f o u r i e r  t r a n s f o r m s  o f  r ,  h ,  
and s a re  re la ted  by 

R ( f )  = H ( f ) S ( f )  ( 2 )  

where f i s  s p a t i a l  f requency  ( e . g . ,  cycles/mm) and where 

OD 
f 

R ( f )  = ( 3 )  

and s i m i l a r l y  f o r  H ( f )  and S ( f ) .  H ( f )  i s  known as t h e  0 t i c a l  
Transfer  F u n c t i o n  o f  t h e  t e l e s c o p e  and t e l l s  how t h e  (complex + 
a m p l i t u d e  of t h e  o b j e c t  a t  each s p a t i a l  f r e q u e n c y  i s  a f f e c t e d  
by t h e  t e l e s c o p e  t o  g i v e  t h e  a m p l i t u d e  of  t h e  c o r r e s p o n d i n g  
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f r e q u e n c y  component of t h e  image. The modulus of t h e  o p t i c a l  
t r a n s f e r  f u n c t i o n  i s  known as  t h e  Modulat ion T r a n s f e r  F u n c t i o n .  

H ( f )  has t h e  p r o p e r t y  t h a t  i t  i s  z e r o  beyond some 
c r i t i c a l  s p a t i a l  f r equency  f , .  T h i s  i n a b i l i t y  of a t e l e s c o p e  
t o  p a s s  h i g h  s p a t i a l  f r e q u e n c i e s  means t h a t  i t  canno t  p h y s i c a l l y  
image d e t a i l s  of  a n  o b j e c t  w i t h  a r e s o l u t i o n  g r e a t e r  t h a n  some 
d e f i n i t e  v a l u e  which co r re sponds  t o  t h e  Ray le igh  l i m i t  i f  
" r e s o l u t i o n "  i s  p r o p e r l y  d e f i n e d .  However, w e  c a n  show t h a t  
even  though t h e  image i n t e n s i t y  r ( x )  does  n o t  c o n t a i n  f r e q u e n c i e s  
g rea te r  t h a n  f , ,  i t  can  be ma themat i ca l ly  man ipu la t ed  t o  y i e l d  
s ( x ) ,  which c o n t a i n s  
f i n i t e  e x t e n t  i n  s p a c  
of i n t e r e s t  i n  astronomy ( e . g .  g a l a x i e s ,  doub le  s t a r  s y s t e m s ,  
e t c . ) .  

The g e n e r a l  idea i n  r e c o n s t r u c t i n g  s(x) i s  t h e  f o l l o w i n g .  
If s ( x )  i s  a f i n i t e  o b j e c t  ( s ( x ) = O  f o r  I x I > L ) ,  t h e n  S ( f )  i s  a n  
a n a l y t i c  f u n c t i o n  of  f .  T h i s  f a c t  i s  e a s i l y  proven  ( f o r  example,  
see Refe rence  1). T h e  measured r ( x )  can  be used t o  form R ( f ) ,  
and h ( x )  or H ( f )  a r e  known. T h e r e f o r e ,  S ( f )  c a n  b e  found f o r  
f < f ,  f rom e q u a t i o n  ( 2 ) .  Once S ( f )  f o r  f < f ,  i s  known, t h e n  
S ( f )  f o r  f > f ,  c a n  be  found b y  a n a l y t i c a l l y  c o n t i n u i n g  S ( f ) .  
That  i s ,  s i n c e  S ( f )  i s  a n a l y t i c ,  i t s  v a l u e  i n  t h e  r e s t r i c t e d  
f r equency  domain passed  by t h e  t e l e s c o p e  d e t e r m i n e s  i t s  v a l u e  
a t  a l l  f r e q u e n c i e s .  T h i s  o b j e c t  r e c o n s t r u c t i o n  p r o c e s s  i s  
s c h e m a t i c a l l y  r e p r e s e n t e d  i n  F i g u r e  1. From t h i s  f i g u r e  w e  
c a n  see t h e  dependence of  t h e  r e s u l t s  on t h e  a s sumpt ion  t h a t  
t h e r e  i s  no n o i s e .  If t h e  S(f) ( f < f , )  t h a t  w e  p roduce  d i f f e r s  
even  s l i g h t l y  from i t s  t r u e  v a l u e ,  t h e n  as w e  a n a l y t i c a l l y  
ex tend  S ( f )  t o  h i g h e r  v a l u e s  of f ,  t h e  e r r o r  can  i n c r e a s e  v e r y  
r a p i d l y .  

T h i s  d i s c u s s i o n  has shown why i t  i s  p o s s i b l e  i n  
p r i n c i p l e  t o  r e c o n s t r u c t  a n  o b j e c t  a t  h i g h  f r e q u e n c i e s .  To 
q u a n t i t a t i v e l y  a n a l y z e  t h e  e f f e c t s  of n o i s e  on t h i s  recon-  
s t r u c t i o n ,  i t  i s  conven ien t  t o  u s e  a d i f f e r e n t  r e c o n s t r u c t i o n  
scheme, one which has been  s t u d i e d  e x t e n s i v e l y . ( 2 )  It i s  
based n o t  on t h e  f r equency  space  r e l a t i o n  between S ( f )  and R ( f )  
( e q u a t i o n  ( 2 ) ) ,  bu t  ra ther  on t h e  i n t e g r a l  r e l a t i o n  between 
s ( x )  and r ( x )  ( e q u a t i o n  (1)). Equa t ion  (1) i s  a n  i n t e g r a l  
e q u a t i o n  r e l a t i n g  t h e  measured i n t e n s i t y  r ( x )  t o  t h e  unknown 
o b j e c t  i n t e n s i t y  s ( x )  v i a  a known k e r n e l  h ( x - u ) .  S i n c e  
S ( X ) = O  f o r  I x ] > L ,  w e  a r e  t r y i n g  t o  s o l v e  

r(x) = dx h (x-U)S(X) .  

-L 

( 4 )  
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The s o l u t i o n  of (4) i s  g i v e n  i n  terms of t h e  e i g e n f u n c t i o n s  
o i ( x )  and engenvalues  h of t h e  i n t e g r a l  o p e r a t o r  i n  ( 4 ) :  i 

4 

From e q u a t i o n s ( 5 )  and ( 4 )  i t  i s  easy to show t h a t  s ( x )  i s  
g i v e n  i n  terms of r ( x )  by 

where w e  have assumed t h a t  t h e  $ . ( x )  have been made o r t h o -  
normal and where 1 

Another mope t r a n s p a r e n t  form o f  ( 6 )  i s  

which can  be s i m p l y  i n t e r p r e t e d .  Equat ion  ( 8 )  s t a t e s  tha t  t h e  
p r o j e c t i o n  of t h e  image r ( x )  o n t o  t h e  b a s i s  f u n c t i o n  Q i ( x )  
( " t h e  i t h  component of  r ( x ) " )  i s  s i m p l y  h i  t i m e s  t h e  p r o j e c t i o n  
of  s ( x )  on to  + i ( x ) .  The g r e a t e r  i i s ,  t h e  more nodes t h e r e  a r e  
i n  $ i ( x )  and t h e  smaller X i  i s ,  s o  t h a t  "h igh  f r equency"  components 
of  t h e  o b j e c t  a r e  m u l t i p l i e d  by a small number to g i v e  t h e  h i g h  
f r equency  c o n t e n t  of t h e  image. We can  now show i n  a c r u d e  
way why n o i s e  i n  t h e  image p l ane  can  b e  s o  damaging to t h e  
r e c o n s t r u c t i o n .  I f  w e  measure a n  i n t e n s i t y  r ( x ) + n ( x )  i n  t h e  
image p l a n e ,  where n ( x )  i s  n o i s e  added to t h e  image r ( x ) ,  
and  per form t h e  o p e r a t i o n  shown i n  e q u a t i o n  ( 6 ) ,  t h e n  we 
o b t a i n  a n  i n c o r r e c t  r e c o n s t r u c t i o n  of  t h e  o b j e c t  i n t e n s i t y ,  
deno ted  ~ ( x ) :  
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The e r r o r  i n  t h e  r e c o n s t r u c t i o n ,  e ( x ) ,  i s  t h e  d i f f e r e n c e  
between S ( x )  and s(x): 

or e q u i v a l e n t l y  

E q u a t i o n  (11) d i s p l a y s  v e r y  c l e a r l y  t h e  f a c t  t ha t  t h e  e r r o r  
a t  h i g h  s p a t i a l  f r e q u e n c i e s  i s  g i v e n  by t e n o i s e  a t  these 
f r e q u e n c i e s  m u l t i p l i e d  by a large number !? - t h e  l a r g e r  i i s  

t h e  smaller A i  i s  and i t  approaches  z e r o  ex t r eme ly  f a s t  as i 
i n c r e a s e s .  

i 

T h i s  d i s c u s s i o n  shows t h a t  as i i n c r e a s e s  t o  i n f i n i t y  
i n  t h e  sum i n  e q u a t i o n s  ( 6 ) ,  ( g ) ,  and ( 1 0 ) , t h e  e f f e c t  o f  t h e  
e r r o r  i n c r e a s e s  wi thou t  bounds u n l e s s  < n , $ i >  +O v e r y  q u i c k l y  
f o r  l a r g e  i. Thus f o r  a r e a l  sys tem t h e  s e r i e s  i n  ( 9 )  
s h o u l d  be  t e r m i n a t e d  a t  a v a l u e  of i, deno ted  N ,  which i s  h i g h  
enough t o  g i v e  a good r e p r e s e n t a t i o n  of s ( x ) ,  b u t  which i s  
low enough tha t  t h e  n o i s e  does no t  comple t e ly  submerge t h e  
r e c o n s t r u c t e d  o b j e c t .  I f  t h e  v a l u e  of N o b t a i n e d  i n  t h i s  
c o r r e s p o n d s  t o  a f u n c t i o n  $ which has h i g h e r  f r e q u e n c y  
components t h a n  t h o s e  corre!ponding t o  t h e  Ray le igh  c r i t e r i o n ,  
then i t  i s  p o s s i b l e  t o  go beyond " d i f f r a c t i o n - l i m i t e d "  p e r -  
f ormance . 
111. The Q u a n t i t a t i v e  E f f e c t  of Noise  on Ob jec t  R e c o n s t r u c t i o n :  

The p r e c e e d i n g  s e c t i o n  has g i v e n  t h e  c o n c e p t u a l  
f o u n d a t i o n s  of t h e  o b j e c t  r e c o n s t r u c t i o n  problem. We now 
d i s c u s s  t h e  e f f e c t  of n o i s e  i n  a q u a n t i t a t i v e  way i n  o r d e r  
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t o  d e t e r m i n e  i f  i t  i s  p r a c t i c a l  t o  ex tend  t h e  r e s o l u t i o n  of  
a s p a c e  t e l e s c o p e  beyond t h e  R a y l e i g h  l i m i t .  To do t h i s ,  w e  
must t rea t  s p e c i f i c  o b j e c t  r e c o n s t r u c t i o n  t e c h n i q u e s ,  as 
t h e  q u a n t i t a t i v e  r e s u l t s  might depend on t h e  method u s e d .  We 
w i l l c o n s i d e r t w o  p a r t i c u l a r  t e c h n i q u e s .  One of t h e s e  (method 
A )  i s  based on a n  expans ion  i n  t h e  e i g e n f u n c t i o n s  o f  t h e  
i n t e g r a l  o p e r a t o r  based on t h e  p o i n t  s p r e a d  f u n c t i o n  - a n  
expans ion  i n  t h e  Oi(x) of t h e  p r e c e e d i n g  s e c t i o n .  
t e c h n i q u e  i s  based  on a n a l y t i c a l l y  e x t e n d i n g  S ( f ) ,  f < f , ,  i n t o  
t h e  f > f ,  domain (method B ) .  

The o t h e r  

Method A :  

The g e n e r a l  i d e a s  o f  t h i s  method a re  c o n t a i n e d  i n  
e q u a t i o n s  ( 5 )  and (6) i n  t h e  p r e c e e d i n g  s e c t i o n .  I f  t h e  pa r -  
t i c u l a r  h ( x )  c h a r a c t e r i z i n g  a s p a c e  t e l e s c o p e  i s  used i n  ( 5 ) ,  
t h e n  t h e  s o l u t i o n s  of ( 5 ) ,  a long  w i t h  t h e  measured v a l u e s  of  
r ( x ) ,  d e t e r m i n e  s ( x )  from e q u a t i o n  ( 6 ) .  For t h e  s q u a r e  a p e r t u r e  
t e l e s c o p e  t h a t  w e  u s e ,  

h ( x )  = 2 f ,  s i n c  2f,x (Refe rence  4 )  (1?) 

where 

- s i n  TU s i n c  u = 
?TU 

The c u t o f f  f r equency  f ,  i s  g iven  i n  terms of t h e  t e l e s c o p e  
a p e r t u r e  D ,  f o c a l  l e n g t h  F,  and t h e  wavelength  of l i g h t  by 

(14) D f ,  = - 2AF ’ 

The e i g e n f u n c t i o n s  and e igenva lues  of ( 5 )  w i t h  t h e  k e r n  1 g i v e n  
i n  ( 1 2 )  have been s t u d i e d  i n  d e t a i l  i n  t h e  l i t e r a t u r e ( 3 7 ,  and  
t h e i i -  s p e c i f i c  f’oi-m need not  be g iven  h e r e .  I f  t h e s e  e i g e n -  
f u n c t i o n s  a re  used i n  ( 6 ) ,  and i f  t h e  sum i n  ( 6 )  on ly  e x t e n d s  
from i = 0 t o  i = N ,  t h e n  t h e  mean squa red  e r r o r  i n  s ( x )  due  
t o  n o i s e  c a n  be c a l c u l a t e d , g i v e n  t h e  n o i s e  s t a t i s t i c s .  T h i s  
has been  done by R u s h f o r t h  and Harr is(4)  f o r  d i f f e r e n t  t y p e s  of 
n o i s e .  For whi te  n o i s e  i n  the  image which has had i t s  f r e -  
quency components greater  t h a n  f, d i s c a r d e d ,  t h e  mean s q u a r e d  
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error in the reconstructed object s ( x )  is proportional to 
A 

- This sum is shown in Figure 2 as a function of 2 ~ f o  N 

and the parameter C = 2.rrLfo. 
the ratio (resolution in the reconstructed object)/(Rayleigh 
criterion resolution). 
the number of Rayleigh resolution distance elements spanned by 
the object (e.g., a galaxy whose angular size is five times 
X/D would have C % 5 ) .  

The first variable is simply 

The parameter C may be interpreted as 

Note the precipitous rise of the sum 
over X -1 as the Rayleigh criterion resolution is surpassed. 

i 
The rise is so fast that any reasonable noise in the image will 
not permit reconstruction beyond some definite resolution 
determined by the value of C .  
given as a function of C in Figure 3 for two signal/noise 
ratios. 
the resolution at which the noise power is increased to the 
extent that it equals the signal power. The dashed line 
shows the resolution achievable, given an a priori object size, 

of the resolution achievable to large changes in the signal/ 
noise ratio. The significance of this result will be discussed 
in the next section, but it is immediately obvious that this 
method offers little possibility of increasing the resolution 
of an actual system. 

This limiting resolution is 

These curves were obtained by determining from Figure 2 

without using the methods described here. - Note the insensitivity 

Method B 

This method, described in detail in Reference 5 ,  
uses the Whittaker-Shannon sampling theorem o f  information 
theory to analytically continue the spatial frequency components 
of s(x) from their values for f<f, to the region f>fo. 
effect of noise has not to our knowledge been analytically 
studied for this method. 
reconstruction method on a computer(6), and have empirically 
determined at what resolution, as a function of the parameter C ,  
this method breaks down due to noise. 
method is subject to the same limitations as Method A. 
discussion of this method will be documented separately. 

We conclude from this analysis that, 
the reconstruction method used, there are fundamental limitations 
to improving telescope resolution beyond a rather well-defined 
point in the presence of any reasonable amount of noise. This 
point may, however, be less than the usually stated diffraction 
criterion (but not much less for objects of astronomical 
interest). The important parameter which determines the 
resolution that can be obtained is 

The 

We have modeled a telescope and this 

The results show that this 
Further 

independent of 

c 5 2-n Lf, 
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which,  as no ted  b e f o r e ,  i s  t h e  number of Rayle igh  c r i t e r i o n  
r e s o l u t i o n  e l emen t s  spanned by t h e  o b j e c t  ( i . e . ,  how many 
t imes l a r g e r  t h a n V D  i t  i s ) .  We now go on t o  c o n s i d e r  t h e  
r e l a t i o n  of t h e  needs of astronomy t o  t h e  r e s u l t s  of t h i s  
a n a l y s i s .  

I V .  I m p l i c a t i o n s  for Space Astronomy: 

The p r e c e e d i n g  s e c t i o n s  have shown t h a t  o n l y  s l i g h t  
improvements i n  r e s o l u t i o n  can  b e  a c h i e v e d  i n  p r a c t i c e  by 
a r t i f i c i a l  enhancement o f  images. To know whether  these 
s l i g h t  improvements a r e  s i g n i f i c a n t  for s p a c e  astronomy w e  
must c o n s i d e r  t h e  t y p e s  of a s t r o n o m i c a l  o b s e r v a t i o n s  which 
have  been i d e n t i f i e d  as b e n e f i t t i n g  from h i g h  r e s o l u t i o n ( 7 ) .  
High  r e s o l u t i o n  i s  s c i e n t i f i c a l l y  v a l u a b l e  i n  f o u r  major  areas 
which w e  now d i s c u s s  i n d i v i d u a l l y :  

( 7 )  

1. D e t e c t i o n  of F a i n t  P o i n t  S o u r c e s :  

T h i s  i s  ach ieved  w i t h  a h i g h  r e s o l u t i o n  
t e l e s c o p e  because  t h e  p h y s i c a l  s i z e  of t h e  
image of a p o i n t  s o u r c e  i n  t h e  f o c a l  p l a n e  i s  
small. Such c o n c e n t r a t i o n  of t h e  l i g h t  from 
a n  o b j e c t  i n c r e a s e s  i t s  c o n t r a s t  w i t h  t h e  
background l i g h t  from t h e  sky a s o  p e r m i t s  
f a i n t e r  s o u r c e s  t o  be d e t e c t e d .  Ca lcu la -  
t i o n s  show t h a t  a 1 2 0  i n c h ,  d i f f r a c t i o n -  
l i m i t e d  t e l e s c o p e  cou ld  d e t e c t  2 9 t h  magnitude 
s t a r s ,  w h i l e  t h e  b e s t  t h a t  can  be  done from 
t h e  ea r th  i s  about  2 4 t h  magni tude .  T h i s  
r e p r e s e n t s  t h e  d e t e c t i o n  of s o u r c e s  1 0 0  
t i m e s  f a i n t e r  t h a n  c a n  be  d e t e c t e d  from t h e  
e a r t h .  Obviously t h i s  i s  a p h y s i c a l ,  l i g h t  
g a t h e r i n g  p r o c e s s ,  and t h e  a n a l y t i c a l  t e c h -  
n i q u e s  t h a t  w e  have been d i s c u s s i n g  are  n o t  
r e l e v a n t  t o  t h i s  problem. 

2 .  Study of t h e  Large S c a l e  S t r u c t u r e  of  t h e  
Universe :  

T h i s  i s  achieved  by measur ing  t h e  v e l o c i t i e s  
and d i s t r i b u t i o n  i n  space  of g a l a x i e s  more 
d i s t a n t  t h a n  t h o s e  observed  from t h e  ea r th ' s  
s u r f a c e .  The v e l o c i t i e s  of t hese  f a i n t  s o u r c e s  
can  be measured s p e c t r o s c o p i c a l l y  o n l y  because  
t h e i r  l i g h t  i s  c o n c e n t r a t e d  i n t o  a small r e g i o n  
of t h e  f o c a l  p l ane  by a h i g h  r e s o l u t i o n  t e l e s c o p e .  
Thus t h i s  measurement canno t  b e n e f i t  f rom 
a r t i f i c i a l  enhancement. The d i s t a n c e  of g a l a x i e s  
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i s  measured i n  two ways. The most a c c u r a t e  
and t h e  one used f o r  nearby  g a l a x i e s  i n v o l v e s  
r e s o l v i n g  c e r t a i n  types  of  s ta rs  of known l u m i n o s i t y  
and measur ing  t h e i r  a p p a r e n t  b r i g h t n e s s .  To 
r e s o l v e  small s c a l e  d e t a i l s  of  a g a l a x y ,  i t  must 
occupy a n  area i n  t h e  f o c a l  p l a n e  c o v e r i n g  many 
Ray le igh  r e s o l u t i o n  c e l l s .  For such  a n  o b j e c t  t h e  
pa rame te r  C d e f i n e d  i n  t h e  p r e v i o u s  s e c t i o n  i s  
l a r g e  and from F i g u r e  3 w e  see t h a t  f o r  l a r g e  C 
o n l y  t h e  Ray le igh  r e s o l u t i o n  c a n  b e  a c h i e v e d ,  s o  
t h a t  a r t i f i c i a l  r e s o l u t i o n  enhancement t e c h n i q u e s  
a re  of  no use  here .  The a n g u l a r  s i z e  of more 
d i s t a n t  g a l a x i e s  p r o v i d e s  a c r u d e  measure of t h e i r  
d i s t a n c e  or o f  t h e  c u r v a t u r e  of  t h e  u n i v e r s e .  I f  
t h e  a n g u l a r  s i z e  of such  a g a l a x y  i s  g r e a t e r  t h a n  
A/D, i t  can  b e  measured d i r e c t l y .  I f  i t  i s  
s m a l l e r ,  w e  canno t  a p p l y  t h e  t h e o r y  of  t h e  
p r e c e e d i n g  s e c t i o n s  u n l e s s  w e  have a n  a p r i o r i  
bound on t h e  s i z e  o f  t h e  o b j e c t .  
such  a bound s i n c e  i t  i s  t h e  s i z e  i t s e l f  t h a t  
w e  a r e  t r y i n g  t o  measure,  s o  r e s o l u t i o n  enhancement 
t e c h n i q u e s  are  of no u s e  here .  

We d o  n o t  have 

3.  S t r u c t u r e  and E v o l u t i o n  o f  I n d i v i d u a l  G a l a x i e s :  

T h i s  measurement a g a i n  i n v o l v e s  a la rge  v a l u e  
f o r  t h e  pa rame te r  C and s o  cannot  t a k e  advantage  
o f  r e s o l u t i o n  enhancement t e c h n i q u e s .  

4 .  P l a n e t a r y  Sur face  and Atmosphere Mapping: 

The comments just made a p p l y  t o  t h i s  c a s e  
a l s o .  

I n  s p i t e  of t h e  po.or p o s s i b i l i t i e s  f o r  a p p l y i n g  
r e s o l u t i o n  enhancement t e c h n i q u e s  t o  s p a c e  astronomy,  w e  want 
t o  emphasize t h a t  c e r t a i n  t y p e s  of a r t i f i c i a l  image enhancement 
c a n  be  u s e f u l .  We have shown t h a t  e x t e n s i o n  of  our knowledge 
o f  a n  o b j e c t  to s p a t i a l  f r e q u e n c i e s  greater  t h a n  f , ,  t h e  
"Rayleigh l i m i t " ,  i s  not  a u s e f u l  t e c h n i q u e  i n  Space Astronomy. 
However, f r e q u e n c i e s  l e s s  t h a n  f ,  a re  passed by t h e  t e l e s c o p e ,  
and s i n c e  w e  know t h e  o p t i c a l  t r a n s f e r  f u n c t i o n  o f  t h e  i n s t r u -  
ment w e  know q u a n t i t a t i v e l y  t h e  e x t e n t  t o  which each  of these  
f r e q u e n c i e s  has been degraded. T h i s  i m p l i e s  t h a t  w e  can  
enhance t h e  h i g h  f r e q u e n c i e s  i n  t h e  image by t h e  p r o p e r  amount 
needed t o  o b t a i n  a be t t e r  i d e a  of  t h e  s t r u c t u r e  of' t h e  o b j e c t  
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t h a n  i s  o b t a i n e d  by l o o k i n g  a t  t h e  raw d a t a ( 8 ) .  
ment t e c h n i q u e s  would be e s p e c i a l l y  u s e f u l  f o r  o b t a i n i n g  
i n f o r m a t i o n  about  g a l a c t i c  and p l a n e t a r y  s t r u c t u r e .  These 
t e c h n i q u e s  are  c u r r e n t l y  of  g r e a t  i n t e r e s t  and under  i n t e n s i v e  
s t u d y .  However, r e s o l u t i o n  beyond t h e  Ray le igh  l i m i t  of a 
g i v e n  t e l e s c o p e  w i l l  o n l y  be o b t a i n e d  by go ing  t o  o t h e r ,  
l a r g e r  t e l e s c o p e s  or, what i s  perhaps  more p r a c t i c a l ,  o p t i c a l  
i n t e r f e r o m e t e r s  and a p e r t u r e  s y n t h e s i s  t e c h n i q u e s .  

V .  Acknowledgement: 

Such enhance- 

I am g r a t e f u l  t o  B .  T .  C a r u t h e r s  o f  t h e  A p p l i c a t i o n s  
Programming Group i n  Department 1032 f o r  computer modeling of  
method B d e s c r i b e d  i n  S e c t i o n  111. 

1015-WDG-rghe 

Attachment 
Refe rences  

W .  D .  Grobman 

copy t o  
See D i s t r i b u t i o n  L i s t  



BELLCOMM. INC. 

References 

(1) Goodman, J. W., Introduction to Fourier Optics (McGraw- 
Hill, New York, 1968), pp. 133-36. 

(2) Buck, G. J. and Gustincic, J. J., IEEE Trans. AP-15, 
376 (1967); Barnes, C. W., J. Opt. SOC. Am. 56, 575 
(1966). Also  see Reference 4. 

(3) Slepian, D. et al., Bell System Tech. J., 40, 43 (1961); 
- 40, 65 (1961); 41, 1295 (1962); Slepian, D. and Sonnenblick, 
E., Bell SystemTech. J. _. 44, 1745 (1965). 

- 58, 539 (1968). 
(4) Rushforth, C. K. and Harris, R. W., J. Opt. SOC. Am. 

(5) Harris, J. L., J. Opt. SOC. Am. - 54, 931 (1964). 

(6) Programming by B. T. Caruthers in Department 1032 is 
gratefully acknowledged. This method was applied in a 
manner which closely paralleled that used in Reference 5. 

(7) Spitzer, L., Science -' 161 225 (1968). 

(8) Hiltner, W. A . ,  1960, Astronomical Techniques, Vol. I1 
of Stars and Stellar Systems, ed. Greenstein, J. 
(Univ. of Chicago Press, Chicago). 



a. O R I G I N A L  O B J E C T  t 

0 

tb .  M O D U L A T  I ON T R A N S F E R  F U N C T I O N  

c. N O I S E  F R E E  I M A G E  

R ( f )  = 

d. R E S T O R A T I O N  OF O B J E C T  FOR 
f < fo: 

e. R E S T O R A T I O N  O F  O B J E C T  A T  
A L L  F R E Q U E N C I E S  

I I 
I 
I 

A N A L Y T  I C 
CONT I N U A T  I ON 

I 
I 
I 4 

f - f  
0 

1 '- - -- 
f 

~ *. 9--  I-..., 
'f 

0 

If. T H E  E F F E C T  O F  N O I S E  

F I G U R E  I - S C H E M A T I C  I L L U S T R A T I O N  O F  O B J E C T  R E C O N S T R U C T I O N  PROCESS 



10 

1 

IO' 

I$ 

j h -  i I 

i = I  
l o ?  

2 
IO 

IO 

\ 
I 
I 
I 
I 
\ 
I 
I 
I 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ c  = 10.0 
\ 
\ 

1.5 

, ( R  = RAYLEIGH RESOLUTION) 

FIGURE 2 - SUM OVER h-i AS A FUNCTION OF RESOLUTION d,  



m 
0 - 
4 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 

v) 
w 
=> - 
z 
I 
0 
W 
I- 
z 
0 - 
L 

CJ 
z 

CL: 

I 

0 


